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ABSTRACT

These notes (which will not be published in the present form)

are concerned with Reggeization of U(6,6) symmetry. Our major con-

clusion is that if physical criteria could be formulated, the Regge-

ization procedure could, in principle, . determine why physical

particles correspond to parts of specified non-compact towers and not

to others. The paper is concerned with the details of construction

of different typeB of trajectories, though unresolved is the specifi<-

cation of the oriteria to select out, for example, a Regge generalized

trajectory with the content of, say} a Feynman tower. It is suggested

that Majorana—like infinite—dimensional equations provide a concrete

realization of Regge trajectories. These equations give rise to pro-

pagators for Regge trajectories. Using these one can develop a cal-

culus in J-T?lane similar to the Feynman calculus which.would represent

multiple exchange of Regge trajectories.
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REGGBIZATIOH OF IKTEBML SYMMETRIES - II

INTRODUCTION

The nature of internal symmetries of particle physics is

mysterious. The exact U(l) symmetries which manifest themselves as

charge and baryon-number conservation are presumably kineraatical

in character, outside of space-time structure. The "broken symmetries

like SU(2) and SU(3) may resemble the U(l) symmetries mentioned above

or alternatively may be dynamical in character like shell model sym-

metries in nuclear physios, manifesting themselves for some class of

phenomena and not for others, for some energy ranges and not for

others. Proposals of this variety have been mentioned from time to

time, among others by Yamaguchi ' who has argued that SU(2) and SU(3)

are really no deeper than S 9 and S_ (permutation group) symmetries,
3)with a superimposition of a particular type of dynamics; by Lipkin '

who, starting with just three quarks, has claimed to obtain a number of

SU(3) results without SU(3) and by Chew from whose point of view the

symmetries can possibly be no deeper than a manifestation of boot-

strap accidents. The successes of SU(2) or SU(3) algebra of currents

do not gainsay this type of reasoning in any fundamental sense. If

basic doublet or triplet fields (quarks) exist, the commutation

relations for the algebra follow from the quark commutation relations.

The successes of the algebra then only verify once again that within

a certain dynamical domain a (broken) symmetry exists among the

physical particle spectrum.

The hypothesis that STJ(2) and SU(3) are dynamical symmetries

would, in an obtuse manner, perhaps be welcome, since it would place

these symmetries cnapar with the other dynamical symmetries SU(4) and

SIT(6). One cannot say this of SU(2) in the presently explored energy

domain but certainly so far as SU(3) is concerned it is equally a~

broken as SU(6). ^'

In the first paper of this series, referred to as I, a beginning

was made to take aeriously the point of view of internal symmetries

"aoing possibly dynamical in character for predicting the physical

particle spectrum. Given a rest symmetry (like SU(6)) to which known
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particles belong, one could assume that the dynamical interactions

of these particles also exhibit SU(6) symmetry. One could then ex-

pand the physical S—matrix in partial waves, using for the harmonic

analysis the group SU(6) rather than the conventional group SU(2)-.,

A reggeization of the Casirair-invariants of SU(6) rather than the

Casimir J (angular momentum) of SU(2), would self-consistently pre-

dict a particle spectrum which would include, of course,the particles

we started from. Also one may exploit the well-known connection of

Eegge pole theory with asymptotic scattering limits and hope that

this may provide results in better accord with experiment than the

predictions of higher-symmetry theories in the low-energy domain. It

was found that, in general, the particles appearing on a generalised

Regge trajectory correspond to the content of appropriate non-compact

towers. The reggeization procedure therefore provided a link between

Coleman's 57 varieties of

Although in this introduction we have so far stressed the

possibility that internal symmetries may be dynamical in character,

there is nothing in the formalism of Part I of this investigation to

make this absolutely essential to the development. In that paper,

attention was specifioally devoted to the higher rest symmetry SO(n).

These groups - the prototype of which is SO(6) combining J and I-apin-

proved (for somewhat accidental reasons, explained below) particularly

simple to handle. The rest symmetries like SIT(6) or 3IT(6)(x) SU(6) are

more complicated and, in a sense, much more interesting to reggeise.

Unlike the case of S0(n) where there appeared Just one Casimir which

could be reggeiaed, there now appear more than one, leading to distinct

types of trajectories* The distinct types can be placed in a one-to-

one correspondence with some of the rungs of non-compact towers. It

is the principal aim of this paper to explain where new complications

r.:r-c3 their appearance. Hot resolved is the problem of defining

physical criteria which should select one type of trajectory rather

another.

What makes the difference among the various cases?

The simplest way to see it is to make a partial wave
6) 2

based ' not on the little groups for p > 0v i.e. the rost symmetry
groups 0(n), STJ(6) or SIl(6) <x)SU(6), but based on the little groups
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for p <O,i,e. 0(n-l,l), U(3,3) or SL(6,C). (in enumerating these
2

p < 0 little groups we have assumed that the overall Lorentz group

containing the relativistic structure we are dealing with is O(n,l),

SL(6,C) or U(6,6).) The non-compact groups 0(n-l,l), U(3>3) or

SIJ(6,C) possess a number of unitary irreducible representations with

Casimir invariants which take (for principal series) continuously as

well as discretely infinite set of values. It is only the former,

the continuously infinite Casimirs, which can "be reggeized. The

difference between 0(n—1,1) and SL(6,C) lies in the simple circumstance

that 0(n—l,l) possesses just one continuous Casimir, while SL(6,C)

can have as many as five.

7 1
In Gel'fand and Ifaimark's classification , SL(6,C) possesses

one non-degenerate and nine ' degenerate types of series. The

partial wave expansion^ presumably, in general calls for inclusion of

all the ten types of series. Meroraorphy assumptions for the amplitude

would give ten distinct types of Regge poles. The most degenerate

series, for example, leads to the reggeiaation of just the quark number.

For other series, not only the quark number but also other Casimir1a

are reggeized.

Is there any physical criterion (besides simplicity) by which

one could assert either that only one type of series contributes or

only one Casimir shows meromorphy? One may conjecture numerous types

of criteria; to take one, it may be hoped that the asymptotic be-

haviour of the expansion functions associated with each type of series

may be different; from the known asymptotic behaviour one may thus

find that one can limit oneself to just one series in the expansion.

Unfortunately we have been unable to find anything in the literature on

the high-energy behaviour of the expansion functions. We feel that if

this problem could be solved one may eventually be able to determine

why certain classes of representations occur in the expansion giving

a clue to what type of particles might be physically realized. The

plan of these notes is as follows. In Seal we formulate the problem

of embedding a rest symmetry in a relativistic structure and show

sor.e of the arbitrariness which may arise. A particularly crucial

xole in all subsequent development is played by the W-spin subgroup

of the rest symmetry - this is the subgroup of the rest-symmetry
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whioh commutes with a Lorentz generator J0_rTiie ir-spin subgroup equals

the helicity J , 2 when the relativistic group is 0(3,1); i t may

with reason have "been called "generalized helicity" for other cases.

Given a two particle rest state with total W-spin content w, the

Lorentz boost e l °* ^ in the centre-of-mass frame generates from

i t all states of rest-symmetry (or in the brick—wall frame, all

states of the corresponding non-compact l i t t l e group) whose W-cpin

content equals w* This problem is solved in Sec. 2 for U(v)(x)TJ(v)

groups. In Sao. 3, we turn to the problem of construction of the

rotation functions for the most degenerate class of representations

of U(v) (x)TJ(v). The result, in spite of the complicated methods of

derivation,turns out to be remarkably simple; for example d.0Q ($) -

/M 5^) f o r u (6 36) case. Here C is the Gegenbauer function,

A reggeization of N (the quark number) shows that the high-energy

behaviour i s proportional to (to$&) * In the las t section we turn

to a different top ic . This topic concerns the possible use of

Majorana-like infinite-dimensional equations for providing a

representation of Regge trajectories. *

1.1 Kelativiatic? symmetry

For systems at rest we have, to begin with, the group of

spatial rotations. This symmetry group is generated by the ordinary

angular momentum J_, In addition to this i t is usual to include

space reflection as a symmetry. Beyond these we can have the

various str ict ly internal symmetries such as SU(2)y or SU(3)p*

These groups are independent of the spatial rotations and reflections,

that is to sayi the generators 1 ^ P., . . . etc. are positive parity

rotational invariants. All of these symmetries operate on rest

states; they leave invariant the manifold of states with P a 0,

This manifold will be finite dimensional if the symmetries are

compact ones, otherwise i t must be infinite dimensional.

It may be that we can reasonably extend, the rest symmetry

to include transformations which are independent of neither the

internal symmetries nor of the ordinary rotations. The generators

* This section has already been circulated as ICTP; Txieste,proprint
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of such, mixed transformations will be neither 0 ( 3 ) T n ° r S U ( 2 ) T

singlets but must belong to some non^trivial representation of

0(3)j x STl(2), (for example). Again this overall symmetry group may

or may not be compact.

Amongst the physical observables we have the generators, oQ{

of pure Lorentz transformations* Evidently these do not oommute with

the generators of the rest symmetry, in particular, with J_. Thus, if

we wish to keep an algebraic structure which includes the Lorentz

transformations then it is necessary to envision an enlargement of

the rest symmetry. If the rest symmetry is oompact then this enlarge-

ment is essential. The'relativistic algebra so obtained may or may

not be finite dimensional. It must at least oontain the algebra of

the homogeneous Lorentz group, 0(3,l), and this means that all the

members of the algebra may be grouped into multipleta of 0(3,1). In

particular, all the generators of the rest symmetry - which of course

fall into 0(3) multiplets - must be associated with (possibly broken)

0(3,1) multiplets.

A given rest symmetry may. be embedded in more than one relativ-

istic group* For example, an operator which belongs to a triplet of

0(3)j may belong to an axial veotor of 0(3,1) or to an antisymmetric

tensor. The physical consequences must vary accordingly. The simplest

example of this sort of thing occurs for the rest symmetry SU(4).

The generators of this symmetry take, in the quark representation,

the form

£ o - i , £ T . J , i- <r± T j » i » o - i > 2, 3

where <r. and f . d e n o t e 2 x 2 P a u l i m a t r i c e s . One way t o e x t e n d
J •

this group is to regard these matrices as a subset of

which is a representation of SL(4»C). Another relativistic extension

is provided by the set

which is a representation of 0(6,1) - a smaller algebra than SL(4,C).
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That the physical consequences springing from two such dis-

tinct embeddings will differ "between the two models is not surprising.

The distinctions are made clear at an early stage if we proceed to

the W-subgroups* The tf-group is defined as that part of the rogt-

symmetry which is left invariant "by a particular Lorentz transformation,

J-.J. This group does not include the spin but rather only one com-

ponent of i t , J-ij>« Since the Lorentz transformation G ol can

bo used to boost a rest state into motion along the 3-axis we see that

¥—symmetry leaves the 3—oomponont of momentum invariant. Moreover,

the 2-particle product states with vanishing total momentum and with

relative momentum directed along the 3-axis can "be classified into

W-representations. They constitute a manifold which is invariant

under the W-group,

Usually it happens that an irreducible representation of the

rest symmetry will contain some W-representations more than once.

This leads to labelling problems. It will be necessary to introduoe

extraneous operators into the system in order to obtain a complete

set of quantum numbers with which to label the states. These operators

generally will not commute with JQ~ - otherwise they would belong to

the "-algebra - and so, for example, will not be conserved in forward

scattering where W-spin is conserved. For the case considered above,

where SU(4) was embedded in either 3L(4,C) or 0(6,1) the W-groups are

respectively,

STJ(2)g)SC(2)®TT(l) and 0(5),

the one containing 5 commuting operators and the other 6. Thus, the

constraints on forward scattering amplitudes are stronger in the

second symmetry than in the first.

Insofar as it is sensible to assume any algebraic structure

at all for the set of operators obtained from the generators of the

rest symmetry by applying Lorentz transformations to them we must

require this also for the displacement operators. Of course we can

always generate new operators from those of the rest symmetry by

commuting them with JQ, and then commuting these new ones with each other,

.*. , etc. In general one has no reason to erpeot the system so

generated to be a finite one - unless one is dealing with a system
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whose degrees of freedom are finite in number, such as the 3-

diraensional harmonic oscillator - and so one need not find any algebraic

structure. The assumption that one does find such a struoture, how-

ever complicated, is a very restrictive one indeed. Having assumed

the existence of a finite-rank homogeneous relativistic group, one is

faced with the problem of what to do about the displacements. Again

by applying homogeneous transformations to the Poincare displacements

Pĵ  , ve will generate new operators, and if the eet produoed in this

way is finite, they must oomprise a multiplet of the homogeneous group.

The simplest assumption we oan make about these operators is that

they all commute with one another* This of course is a highly re-

strictive dynamioal assumption. We have no analogies from systems

of finite degree such as the harmonic oscillator or the hydrogen atom

on which to base i t .

There is one rather special model (Fronsdal) ' which avoids

this multi-momenturn situation. If one starts with a non-compact rest

symmetry - one which contains the Lorentz group - then i t is possible

to construot a relativistio group which has the form of the direct

product of 0(3,1) with the rest symmetry, and the Foxnoare 4~vector

fy, in itself may be looked upon as. a multiplet of this group. ¥ith

such an interpretation there is no need to incorporate additional

momenta when completing the algebra. Of course, with such a non-compact

group as rest symmetry, the manifold of rest states must always be

infinite dimensional and, moreover, this infinity of states will be

degenerate in mass.

• If we must incorporate the momentum in a higher dimensional

multiplet - as we ohall have to if we wish to avoid the infinite

degeneracy of Fronsdal's model - then there are two essential require-

ment e to be met. Firstly, this multiplet must contain a 4~vecior

when decomposed relative to the physical Lorentz group and,.secondly,

the timelike component of thiB 4"vector must be a singleti of the rest

symmetry group. The 4-vector can then be interpreted as the physical

4-moiaentum.

The next step, of course, xa to associate particles with the

irreducible representations of the inhotnogeneous relativistic group.

If such a representation is decomposed relative to the Poincare group
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then, in general, a number of Poincare" representations will appear.

There will be a continuum of masses and a (possibly infinite) range

of spins. If we confine ourselves to the manifold which is generated

i'rom the rest states "by application of Lorentz transformations then

the mass continuum disappears and the range of spins "becomes finite.

These are the only parts we shall use. That is, we shall prooeed with

incomplete multiplets of the group thereby regarding it as a "broken

symmetry. The problem of how muoh symmetry to assign to the scatter-

ing operator is the central one of the whole exeroise.

1,2 Decomposition of direct products and the partial wave expansion

To make a partial wave expansion we have to "be able to de-

compose the direct produot of two irreducible representations. This

can "be done largely by analogy with the Poincare' group* It amounts

to discovering what representations of the rest symmetry can "be pro-

jected out of the manifold of produot states with fixed total momentum.

We are not interested in the complete decomposition "but rather only in

the parts reoeiving contributions from our physically trunoated states •

those whioh are connected to the rest states by pure Lorentz trans-

formations.

The 1-particle states with completely general momenta can

presumably be generated from the rest states by applying sufficiently

general boosts* However, we shall need only states of the form

- e

or

.

where 0 4 0 4 IT, 0 \< <X < oo and the s ta tes J -p P y correspond to

par t io les at res t - a l l components of ji vanishing except for j>o » m

Those rest s ta tes span a uni tary irreducible representation of the

rest symmetry*
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