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ABSTRACT

These notes‘(which will not be published in the present form)
are concerned with Reggeization of U(6,6) symmetry. Our major con=~
clusion is that if physical criteria could be formulated, the Regge-
ization procedurs could, in principle, . determine why physical
partibles correspond to parts of speocified non—compact towers and noi
to others., The paper is concerned with the details of construction
of different types of trajectories, though unresoclved is the specifi~
cation of the coriteria to select out, for example, a Regge generalized
trajectory with the content of,say, a Feynman tower. It is suggested
that Majorana~like infinite~dimensional équations provide a concrete
realizétion of Regge trajectories. These equations give rise to pro-
pagators for Regge trajectories, Using these one can develop a cal=-
culug in J=plane similar to the Feynman calculus which would represent

multiple exchange of Reggs trajectories.
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REGGEIZATION OF INTERNAL SYMMETRIES = 11

IXTRODUCTION

The nature of internal symmetries of particle physics is
mysterious. The exact U(l) symmetries which manifest themselves as
charge and baryon-number - conservation are presumably kinematical
in character, outside of space~time struciure, The broken symmetries
like SU(2) and SU(3) may resemble the U{l) symmetries mentioned above
or alternatively may be dynamical in character like shell model sym=
meiries in nuclear physice, manifesting themselves for some class of
phenomena and not for others, for some energy ranges and not for
others. Proposals of this wvariety have been mentioned from time o
time, among others by Yamaguchi 2) who has argued that SU(2)} and SU(3)
are really no deeper than 8, and S3 (permutation group) symmeiries,
with a superimposition of a particular type of dynamics; by Lipkin 3)
who, starting with jusi three quarks,bas claimed to obtain a number of
SU(3) results without SU(3) and by Chew from whose point of view tke
symmetries can possibly be no deeper than a manifestation of boot~
strap accidents. The successes of SU(2) or SU(3) algebra of currents
do not gainsay this type of reasoning in any fundamentzl sense., If
basic doublet or triplet fields (quarks) exist, the commutation
relations for the algebra follow from the quark commutation relations.
The successes of the algebra then only verify once again that within
a certain dynamical domain a (broken)rsymmetry exists among the

phyeical particle spectrum,

The hypothesis that SU(2) and SU(3) are dynamical symmetries
would, in an obtuse mannexr, perhaps be welcome, since it would placc
these symmetries onapar with the other dynamical symmetries SU(4) and
sU(6). One cannot say this of SU(2) in the presently explored energy
domain tut certainly so far as SU(3) is concerned it is equally ac
broken as SU(6). 4)

In the first paper of {this series, referred to as I,a beginning
was made to take gericusly the point of view of intexnal symmetries

being possibly dynamical in character for prediocting the physical
particle speoctrum. OCiven a rest symmetry (like SU(6)) to which known
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particles belong, one could assume that the dynamical interaction:

of these particles also exhibit SU(6) symmetry. One could then ex=—
pand the physical S=matrix in partial waves, using for the harmonic
analysis the group SU(6) rather than the conventional group SU(2)J.

A reggeization of the Casimir=invariants of SU(6) rather than the
Casimir J (angular momentum) of SU(2)J would self-consistently pre~
cdict a particle spectrum which would include, of course,the particles
wa started from, Also one may exploit the well=known connection of
Regge pole theory with asymptotic scattering limits and hope that
this may provide results in better accord with experiment than the
predictions of higher-symmetry theories in the low—energy domain. It
was found that, in general, the pariicles appearing on a generalized
Regge trajectory correspond to the content of appropriate non=compact
towers. The reggeization procedure therefore provided a link between
Coleman's 57 varieties of SU(S).S)

Although in this introduction we have so far stressed the
possibility that infternal symmetries may Ve dynamical in character,
“here is nothing in the formalism of Part I of this investigation to
maxe this absolutely essential to the development. In that paper,
attention was specifically devoted to the higher rest symmetry SCG{n).
These groups — the prototype of which is SO(6) combining J and I-spin -
aroved (fof somewhat accidental reasons, explained below) particularly
simple to handle., The rest symmetries like SU(6) or SU(6)@ SU(6) are
more complicated and, in a sense, much more interesting it¢ reggeize.
Unliike the case of SO{n) where there appeared just one Casimir which
could be reggeized, there now appear more than one, leading to distincs
itypes of trajectories, The distinet types can be placed in a one-to-
onne correspondence with some of the rungs of non-compact towers. It
is the principal aim of this paper to explain where new complications
urzice their appearance., Not resolved is the provlem of defining
physical criteria which should select one type of trajectory rather

vaan another.

What mekes the difference among the various cases?
The simplest way ‘Yo ses it is to make a partial wave expausion
based 6) not on the little groups for p2> 0, i.¢. the rest synmetry

groups O(n), SU(6) or SU{6) @SU(6), but based on the little groups
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for p2<(0,i.e. O(n=1,1)}, U(3,3) or SL(6,C). (In enumerating these
p2< 0 little groups we have assumed that the overall Lorentz group
containing the relativigtic structure we are dealing with ie O(n,1l),
SL(6,C) or U(6,6)e) The non-compact groups O(n=1,1), U(3,3) or
SL{6,C) possess a number of unitary irreducible representations with
Casimir invariants which take (for principal series) continuously as
well as discretely‘infinite set of wvalues. It is only the former,

the continuously infinite Casimirs,which can be reggeized. The
difference between O{n-1,1) and SL(6,C) lies in the simple circumstance
that 0(n=1,1) possesses just one continuous Casimir, while SL(6,C)

can have as many as five.

In Jel'fand and Naimark's clasgification 72 SL(6,0) possesses
one non=~iegenerate and nine 8) degenerate types of series., The
partial wave expansion,presumably, in general calls for inclusion of
all the ten types of series. Heromorphy agsunmptions for the amplitude
would give ten distinot types of Regge poles. The most degenerate
series, for example,leads to the reggeization of just the quark number.
For other series,not only the quark number but also other Casimir's

are reggeized.

Is there any physical criterion (besides simplicity ) by which
one could assert either ihat only one type of series conitritutes or
only one Casimir shows meromorphy! One may conjecture numerous types
of criteria; +to teke one, it may be hoped that the asymptotic be-
havicur of the expansion functions associated with each type of series
may be different; from the known asymptotic behaviour one may thus
Tind that one can limit oneself to just one series in the expansion.
Unfortunately we have been unable to find anything inthe literature on
the high=energy behaviour of the expansion functiocns., We feel that if
this problem could be solved one may eventually be able to determine
why certain classes of representations occur in the expansion giving
a clue to what type of particles might be physically realized, The
plan of these notes is as follows, In 8ec.l we formulate the problem
of ombedding a rest symmetry in a relativistic structure and show
sone of the arbitrariness which may arise. A4 particularly crucisl
role in all subsequent development is played by the We=spin subgroup
of ithe rest symmetry = this is the subgroup of the rest-symmetry
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which commutes with a Lorentz generator JO3,The ii=gpin subgroup equals
the helicity J,, when the relativistic group is 0(3,1); it may
with reason have been called "generalized helicity" for other cases.
Given a two particle rest state with total W~spin content w, the
Lorentz boost eﬁ:53t in the centre-of-mass frame generates from
it a2ll states of rest—symmetry {or in the brick=-wall frame, 211
states of the corresponding non—compact little group) whose Wespin
content equals w. This problem is solved inSec.2for U(V)H) U(V)
groups,. In Seoc. 3, we turn to the problem of construction of the
rotation functions for the most degenerate class of representations
of U(V) X U(V). The result,in spite of the complicated methods of
derivation,turns out to be remarkably simple; foxr example ti£;(9)=
C; (&me) for U(6,6) case. Here C is the Gegenbauer function.

A reggeization of N (the quark number) shows that the high=energy
behaviour is proportional to (COSG)N. In the last section we turn
vo a different topic. This topic concerns the possible use of
Hajorana~like infinite~dimensional equations for providing s .
ropresentation of Regge trajeotories. *

1.1 Relativiptic symmetlry groups

For systems at rest we have, to begin with, the group of
spatial rotations. This symmetry group is generabted by the ordinary
angular momentum J, In addition to this it is usual to include
space reflection as a symmeiry. Beyond these we can have the
various strictly internal symmetries such as SU(2)I or SU(3)F.

These groups are independent of the spatial rotations and reflections,
that is to say: the generators Ii, Fi’ ese otc, are positive parity
rotational invariants. A4ll of these symmetries operate on rest
states; they leave invariant the manifold of states with P = O,

This manifold will be finite dimensional i1f ithe symmetries are

compact ones, otherwige it musi be infinite dimensional,

It may be that we can reasonably extend the rest symmeiry
t0 iaclude transformations whioch are independent of neither the

internal symmetiries nor of the ordinary rotations., The generators

* DThis section has already been oirculated as ICTP?, Trieste, preprint

1¢/67/63.
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of such mixed transformations will be neither 0{3)J nor SU(Z)I
singlets but must belong to some non=trivial representation of
0(3)3 x SU(2)I (for example ). Again this overall symmetry group may

or may not be oompact.

Amongst the physioal observables we have the generators, Jdyi
of pure Lorentz transformations. ZEvidently these do not commute with
the generators of the rest symmetry, in particular, with J. Thus, if
we wish to keep an algebraic structure which includes the Lorentsz
transformationg then it is necessary to envigion an enlargemeni of
the rest symmetry. If the rest symmeiry is compact then this enlarge-
ment is essential, The "relativistic algebrs so obitained may or may
not be finite dimensional, It must at least contain the algebra of
the homogeneous Lorentz group, 0(3,1), and this means that all the
members of the algebra may be grouped into multiplets of 0(3,1). In
particular, all the generators of the rest symmetry =~ which of course
fall into O(3) multiplets = must be associated with (possibly broken )
0(3,1) multiplets. |

A given rest symmetry may be embedded ih more than one relativ—
istic group. For example, an 6perator which belongs to a triplet of
0(3); may belong to an axial veotor of 0(3,1) or to an antisymmetric
tensor, The physical consequences must vary accordingly. The simplest
example of this sort of thing ocours for the rest symmetry SU(4).
The generators of this symmetry také, in the quark representation,

the form

T 2 FT

Fi 1 ’ ‘,1.40'1 T,‘] ’ ivlé"ls 2, 3

J
where 9 and TS denote 2 x 2 Pauli matrices. Ome way to extend

this group is to regard these matrices as a subset of

%‘07,{\) 1] %%j y %G;Avtj ? %YS Tj

which 1s a representation of SL(4,G). Another relativistic extension

ig provided by the set

fope 0 T 5T

which is a representation of 0(6,1) ~ a smaller algebra than SL(4,C).
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That the physical consequences springing from two such dis~
tinct embeddings will differ bhetween the two models is not surprising,.
The distinctions are made clear at an early stage il we proceecd to
the W=subgroups. The W—group is defined as that part of the regi-
symmetry which is left invariant by a particuler Lorentz transformation,

This group does not include the spin but rather only one com=

Jane
03 -ix Jo3

poneant of.it, le. Since the Lorentz transformation & can
be used to boost a rest state into motion along the 3-axis we sece that
W=symmotry leaves the 3=component of momentum invarisnt. MNoreover,
the 2=particle product states with vanishing total momentum and with
relative momentum directed along the 3=axis can be classified into
W=representations. They constitute a manifold which ie invariant

under the W-group.

Usually it happens that an irreducible representation of the
regt symmetry will contain some W=representations more than once.
This leads to labelling problems. It will be necessary to introduce
extraneous operators into the system in order o obtain a complete
set of quanium numbers with which to label the sitates. These operators
zenerally will not commuie with JOB = otherwise they would belong to
the W=algebra = and so, for example, will not be conserved in forward
scattering where We=spin is conserved. TFor the case considered above,
where SU(4) was embedded in either SL(4,C) or 0(6,1) the W—groups are

regpectively,

SU(2) ©»su(2)®@U(1) and 0(5),

the one conteining 5 commuting operators and the other 6., Thus, the
constraints on forward scattering amplitudes ‘are sironger in the

second symmeiry than in the first.

Insofar as it is sensible to assume any algebraic structure
at all for the set of operators obtained from the generators of the
rost symmetry by applying Lorentz transformations to them we must
require this sglso for the displacement operators. Of course we can
always generate new operators from those of the rest symmetry by

commuting them with J,, and then commuting these new ones witk each oihor,

03

ave ; etce In genoral one has no reason to expeot the system so

generated to be a finite one =~ unless one is dealing with a system
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whose degrees of freedom are finite in number, such as the 3=
dimensional harmonic oscillator — and so one need not find any algebraic
gtructure. The assumption that one does find such a structure, how=
ever complicated, is a very restrictive one indeed. Having assumed

the existence of a finite-rank homogeneous relativistic group, one ig
faced with the problem of what to do about the displacements. Again

by applying homogeneocus transformations to the Poincaré displacements
Py y we will gonerate new operators, and if the get produced in this
way is finite, they must comprise a multiplet of the homogeneous group.
The simplest assumption we can make about these operators is that

they all commte with one another. This of course is & highly re-
striotive dynamical assumption. We bave no analogies from systems

of finite degree msuch as the harmonic oscillator or the hydrogen atom

on which to base it.

9)

this multi=-momentum situation. If one starts with & non=compacit rest

There is one rather special model (Fronsdal) which avoids

symmetry = one which contains the Lorentz group =~ then it is possible
to construct a relativistic group which has the form of the direct
product of 0(3,1) with the rest symmetry, and the Poinocaré 4=vector
r

e
such an interpretation there is no need 1o incorporate additional

in itgelf may be looksd upon as a mltiplet of this group., With

momenta when completing the algebra. Of course, with such a non-compact
group as rest symmetry, the manifold of rest states must always be
infinite dimensional and, moreover, this infinity of states will be

degenerate in mass.

- If we must incorporate the momentum in a higher dimensional
multiplet = as we chall have to if we wish to avoid the infinite
degeneracy of Fronsdal's model = then there are two essential require=~
nents to be met. TFirstly, this multiplet must contain a 4-vector
when decdmpoaed relative to the physical Lorentz group and, secondly,
the timelike component of this 4=vector must be a ginglet of the rest
symmetry groups The 4=vector can then be interpreted az the pbysical

d=qmonentun .

The next step, of ocourse, is ito associate particles with the
irreducible representatione of the inhomogeneous relativistic group.
If such a representation is decomposed relative to the Poincaréd group
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